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We study the nonequilibrium Seebeck spin transport across metal-magnetic insulator interfaces. The
conjugate-converted thermal-spin transport is assisted by the exchange interaction at the interface, between
conduction electrons in the metal lead and localized spins in the insulating magnet lead. We predict the rectifi-
cation and negative differential spin Seebeck effect and resolve their microscopic mechanism, as a consequence
of the strongly-fluctuated electronic density of states in the metal lead. The rectification of spin Peltier effect
is also discussed. The phenomena predicted here are relevant for designing efficient spin/magnon diode and
transistor, which could play crucial roles in controlling energy and information in functional devices.
PACS numbers: 72.25.Mk, 75.30.Ds, 85.75.-d
Recently, spin Seebeck effect (SSE), a phenomenon that
temperature bias can produce a spin current and an associated
spin voltage, has been observed in magnetic metals [1], semi-
conductors [2, 3], insulators [4–7] and even non-magnetic ma-
terials with spin-orbit coupling [8]. Since then, the SSE has
ignited a new upsurge of research interest, because it acts as a
new method facilitating the functional use of heat and opens
a new possibility of spintronics [9], magnonics [10] and spin
caloritronics [11, 12].
Of particular interest is the SSE in the insulating mag-
netic interface [4–7]. The reason is that different from spin-
dependent Seebeck effect in metallic materials, SSE allows
heat to generate a pure flow of spin angular momentum, a flow
of spins without electron currents. This becomes obvious only
after the observation of the SSE through magnetic insulator-
metal interfaces [4]. Itinerant electrons are often problematic
in the thermal design of devices, of which the issue can be
avoided by the SSE in magnetic insulator interfaces without
conducting electron currents. It allows us to construct effi-
cient thermoelectric devices upon new principles [13] and to
realize non-dissipative information and energy transfer in the
absence of Joule heating [14, 15].
In this Rapid Communication, we uncover interesting phe-
nomena of the SSE across metal-insulating magnet interface:
the rectification and negative differential SSE, that is, revers-
ing the thermal bias gives asymmetric spin currents and in-
creasing thermal bias abnormally gives a decreasing spin cur-
rent. The rectification of spin Peltier effect (SPE) is also dis-
cussed. We first demonstrate the absence of rectification and
negative differential SSE in magnetic interfaces with constant
electronic density of states (DOS) in the metallic lead. We
then uncover that the strongly-fluctuated electron DOS is the
key to retaining these intriguing spin Seebeck properties. As
examples, we demonstrate the nontrivial rectification and neg-
ative differential SSE in several typical cases with non-smooth
strongly-fluctuated electron DOS. Our results readily render
analytic interpretations and clear physical insights of the mi-
croscopic mechanism, which can provide further guidance for
the optimization of the predicted effects in the future.
The rectification and negative differential elec-
tronic/phononic conductances have played fundamental
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We study the nonequilibrium nanoscale energy transfer in a quantum junction in contact with
fermionic and bosonic reservoirs, where the energy exchange is directly assisted by the electron-
phonon interaction. The system describes the inelastic electron-phonon scattering near a nanoscale
metal-dielectric interface a d renders analytic investigation of the microscopic mechanism. We
demonstrate the heat diode e↵ect and negative di↵erential thermal conductance in such nanoscale
interfaces and discuss why these intriguing thermal properties are absent in bulk metal-dielectric
interfaces. The results described here are relevant for understanding the interface heat transfer
via electron-phonon coupling and could have potential applications in controlling energy in low-
dimensional nanodevices.
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Since we consider a anoscale interface in the situa-
tion of quantum point contacts, the electron states near
the interface can be simplified as impurity states or lo-
cal states on a quantum dot. Following , we describe the
electron-spin interaction at the nanoscale metal-magnetic
insulator interface by the s-d exchange coupling:
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where c† (c ) is the annihilation (creation) operator of the
local electron with spin   at the point contact interface.
S±q is the raising (lowering) operators for the localized
spin with momentum q, Szq is the spin operator in the z
direction and Jq denotes the exchange coupling strength.
µ" µ#.
In metal, electrons dominate heat conduction, whereas
in dielectric phonons are main energy carriers [1, 2].
Hence, for metal-dielectric interfacial heat transport, en-
ergy transfer includes three possible pathways: (1) energy
exchange between phonons in metal and phonons in di-
electric, which is widely studied with the acoustic and dif-
fuse mismatch models [3–6]; (2) nonequilibrium electron-
phonon (e-ph) energy exchange within the metal, with
subsequently phonon-phonon coupling across the inter-
face [7–9]; (3) direct energy transfer from electrons in
metal to phonons in dielectric through inelastic scatter-
ing induced by e-ph coupling across the interface [10–12].
When considering the pathway (2), one usually ap-
plies the phenomenological two-temperature model [13]
that has been widely used to investigate the ultrafast
pulsed laser heating of metals [14, 15], and assume the
pathway (3) is negligible [8, 9]. However, when the im-
perfect interface or the large lattice-mismatch of metal
and dielectric is present, both pathway (1) and (2) will
be seriously suppressed and the pathway (3) becomes
significant. Recent experiments have demonstrated that
when studying the metal-dielectric interfacial heat trans-
fer, the e-ph coupling across the interface becomes crucial
[16, 17]. In particular, the experiment in Ref. [18] reveals
the strong direct coupling between electrons in metal and
phonons in dielectric, which then dominates the overall
interface heat transfer. A particular challenge that arises
is then to resolve the microscopic mechanisms control-
ling the nanoscale interfacial energy transfer caused by
the e-ph interaction across the metal-dielectric interface.
On the other hand, phononics recently emerges as a
new discipline [19], where various functional thermal de-
vices are designed to render the smart control of energy
in micro-nano-scale. Among many intriguing properties,
the heat diode e↵ect [20–25] and negative di↵erential
thermal conductance (NDTC) [23, 26–31] are the two
most important ones for dielectric phononic devices act-
ing as solid-state thermal rectifiers, switches, and tran-
sistors etc [19]. These dielectric phononic devices, when
hybridized with metallic electronic circuits, then carry
the potential of various beneficial applications, includ-
ing the manipulation of heat dissipation and cooling in
micro-nano-devices [32]. Therefore, understanding the
interface heat transfer across nanoscale metal-dielectric
hybrid structures is a long-standing challenge not only
of fundamental interest, but also for practical applica-
tions in device design [6]. There are few previous ef-
forts towards understanding the interfacial heat trans-
fer in bulk metal-dielectric systems through the direct
e-ph interaction [10–12]. Nevertheless, the heat diode
e↵ect and NDTC escape from the attention, and many
important questions are left open: Can the bulk metal-
dielectric with interfacial e-ph coupling possess the heat
diode and/or the NDTC properties? What if we scale the
interface down to the micro-nano level? If so, what are
their microscopic mechanisms in the nanoscale interfacial
energy transfer caused by the direct e-ph coupling?
In this Letter, we shall answer these above mentioned
questions by studying a quantum junction in contact
with electronic and phononic reservoirs, where the en-
ergy exchange is directly assisted by the interfacial e-ph
interaction, i.e. the pathway (3) [see Fig. 1]. Our sim-
ple model describes the essential inelastic e-ph scatter-
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FIG. 1. Schematic illustration of different setups of the met l-
insulating magn tic interfaces.
roles in realizing functional electronic/phonon c diodes
and transist rs that ar building blo ks of dern lec-
tronics/phononics [16]. By the sa e token, the predicted
rectification and negative differential SSEs are also funda-
mental for constructing magnonic/spin caloritronic circuits
with effici nt spin See eck diodes an transistors. There ore,
we expect that our results would play cruc al roles n spin-
tronics [9], magnonics [10] and spin caloritronics [12], and
could have potential applications in controlling energy and
information in low-dimensional nanodevices [16].
The magnetic interface system is schematically illustrated
in Fig. 1(a), similar to the setup of longitudinal spin See-
beck experiments [5, 6]. The left metallic lead is de-
scribed by the free electrons: HL =
∑
kσ(εkσ − µσ)c†kσckσ ,
(σ =↑, ↓), with possibly different spin-dependent chemical
potentials µσ induced by spin accumulation [17, 18]. The
spin voltage ∆µs = µ↓ − µ↑ can be measured by the
Hanle method [3] or be converted into an electric voltage
through the inverse spin Hall effect [4]. The right insulat-
ing magnetic lead can be described by a Heisenberg lattice
HR = −J
∑
〈i,j〉[
1
2S
+
i S
−
j +
1
2S
−
i S
+
j + S
z
i S
z
j ], where S
±
j
is the raising (lowering) operator for the localized spin at
site j, Szj is the spin operator of the z direction and J de-
notes the exchange coupling strength. The spin operators
are conveniently mapped into bosonic magnons by Holstein-
Primakoff transformation [19]: S+j =
√
2S0 − a†jajaj ,
S−j = a
†
j
√
2S0 − a†jaj , Szj = S0 − a†jaj , where S0 is the
length of localized spins. At large spin limit or low tempera-
tures (〈a†jaj〉  2S0) we can approximate S−j ≈
√
2S0a
†
j and
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2S+j ≈
√
2S0aj . Clearly, the creation (annihilation) of a local
magnon a†j(aj) at site j corresponds to the lowering (rising)
of the local spin component, i.e., excitation of magnons means
that spins point less in the z-direction and magnetization goes
down. Therefore, after a Fourier transform into the momen-
tum space, the right insulating magnetic lead is approximated
by the free magnon gas: HR ≈
∑
q ~ωqa†qaq + const., where
the dispersion of ωq depends on the lattice details.
Similar to Refs. [20–23], the interfacial electron-magnon
interaction is described by the s-d exchange coupling [24]:
Hsd = −
∑
k,q
Jq[S
−
q c
†
k↑ck+q↓ + S
+
q c
†
k+q↓ck↑], (1)
where S−q ≈
√
2S0 a
†
q , S
+
q ≈
√
2S0 aq are in the momen-
tum space and Jq denotes the effective exchange coupling
at the interface. The first term S−q c
†
k↑ck+q↓ describes the
magnon emission process into the right insulating magnet as-
sociated with scattering of a spin-down electron to a spin-up
electron at the left metallic side of the interface. The second
term S+q c
†
k+q↓ck↑ describes the reversed process that a spin-
up electron near the interface absorbs a magnon from the right
side and excites to a spin-down state with spin-flip. Note that
the contribution of −JqSzq (c†k↑ck↑ − c†k↓ck↓) is customarily
absorbed into HL.
Considering each magnon carries a unit spin angular mo-
mentum of −~ (associated with a magnetic moment), the
magnonic spin current is equivalent to a spin-down current,
which can be obtained by the Heisenberg equation IS =
i
~ 〈[Hsd,
∑
q a
†
qaq]〉. Also, the magnon carries energy so that
the magnonic heat current can be calculated through IQ =
i
~ 〈[Hsd,
∑
q ~ωqa†qaq]〉. Following the approach as detailed
in the Supplemental Material [25], we obtain the spin and heat
currents from left to right, respectively:
IS =
2S0
~
∫ ∞
0
dωFR(ω)
∫ ∞
−∞
dερL(ε)W(ε, ω), (2)
IQ =
2S0
~
∫ ∞
0
dωFR(ω)~ω
∫ ∞
−∞
dερL(ε)W(ε, ω), (3)
with
W(ε, ω) = fL↓(ε+ ~ω)[1− fL↑(ε)][1 +NR(~ω)]
− fL↑(ε)[1− fL↓(ε+ ~ω)]NR(~ω), (4)
where ρL(ε) denotes the electron DOS in the left metal side;
FR(ω) contains the magnon DOS and the electron-magnon
coupling strength, which is reminiscent of Eliashberg func-
tion [24] in the field of electron-phonon scattering; fLσ(ε) =
[e(ε−µσ)/(kBTL) +1]−1 is the electron distribution with spin σ
in the left metal side that is equilibrium at temperature TL and
NR(~ω) = [e~ω/(kBTR) − 1]−1 denotes the magnon distribu-
tion in the right magnetic insulator that is equilibrium at tem-
perature TR. Equation (3) is reminiscent of the thermal trans-
port induced by interfacial electron-phonon coupling, studied
in Ref. [26].
It is clear that the first product fL↓(1 − fL↑)(1 + NR)
in W(ε, ω) describes the down-scattering rate of the occu-
pied spin-down state with high energy ε + ~ω flipping to
the empty spin-up state with low energy ε, accompanied by
emitting a magnon with energy ~ω into the right magnet.
The second product fL↑(1 − fL↓)NR reversely describes the
up-scattering rate of the occupied low energy spin-up state
flipping to the empty high energy spin-down state, with ab-
sorbing a magnon from the right magnet. These two spin-
flip scattering processes, accompanied by the magnon emis-
sion/absorption, conserve not only the energy but also the spin
angular momentum.
Following the procedure in the field of electron-phonon
scattering, it is customary and legitimate to take a constant
bulk electron DOS ρL(ε)≈CL, because for a good metal the
electron DOS is flat and the integral over dε converges within
a thermal energy kBTL around the chemical potential [24].
Therefore, by applying the equality
∫
dεfL↓(ε + ~ω)[1 −
fL↑(ε)] = (~ω − ∆µs)NL(~ω − ∆µs), Eqs. (2, 3) finally
lead to the formulas
IS =
2S0CL
~
∫ ∞
0
dωFR(ω)(~ω −∆µs)
× [NL(~ω −∆µs)−NR(~ω)] ; (5)
IQ =
2S0CL
~
∫ ∞
0
dωFR(ω)~ω(~ω −∆µs)
× [NL(~ω −∆µs)−NR(~ω)] . (6)
The expressions are familiar from earlier discussions with in-
terfacial fermion-boson coupling [24, 26–28]. We first ex-
amine the SPE that generates heat current from merely spin
voltage, by taking TL = TR but ∆µs 6= 0. Clearly, in the
absence of thermal bias, the heat current IQ is asymmetric
under reversing the spin voltage ∆µs → −∆µs so that the
rectification of SPE exists. Similarly, the spin current IS is
also asymmetric under revering the spin voltage. Moreover, it
is straightforward to prove that ∂∆µsIQ and ∂∆µsIS are both
positive, thus the negative differential SPE and spin conduc-
tance are absent. By taking ∆µs = 0 but TL 6= TR, we then
examine the SSE that generates spin current from merely ther-
mal bias, which is of our central interest. In this way, Eqs. (5,
6) reduce to Landauer-type formulas
IS=
2S0CL
~
∫ ∞
0
dωFR(ω)~ω [NL(ω)−NR(ω)] ; (7)
IQ=
2S0CL
~
∫ ∞
0
dωFR(ω)(~ω)2[NL(ω)−NR(ω)]. (8)
Since the temperature dependence only manifests in the Bose-
Einstein distributions NL and NR, one can readily prove that
in this magnetic interface with constant electron DOS we can
never have the rectification and negative differential SSE.
As we can see from above derivations, the constant electron
DOS is the key assumption that leads to the Landauer-type
Eqs. (7,8). Therefore, to obtain the nontrivial rectification
and negative differential SSE, we need metallic materials with
strongly-fluctuated electron DOS [29].
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FIG. 2. Rectification and negative differential spin Seebeck effect
in macroscopic magnetic interface. Spin Seebeck current IS as a
function of the temperature bias ∆T with TL,R = T0 ± ∆T/2,
for varying T0 and Lorentzian peak positions: T0 = 100 K, ε0 =
20 meV; T0 = 150 K, ε0 = 35 meV; T0 = 200 K, ε0 = 50 meV.
We set S0 = 16, which is comparable with the experimental ones in
typical magnetic insulators, cf. Refs. 21, 30, and 31. µ0 = 0 and the
Ohmic spectrum FR(ω) = α ωωc e
−ω/ωc is adopted, with α = 10,
ωc = 50 meV. Other choices of FR(ω) will not change the results
qualitatively.
For example, considering the typical Lorentzian-type DOS
ρL(ε) =
1
pi
Γ
(ε−ε0)2+Γ2 where the half-width Γ is small, the
resonant peak of DOS becomes sharp at ε0, so that Eq. (2)
reduces to
IS =
2S0
~
∫ ∞
0
dωFR(ω)W(ε0, ω). (9)
It is straightforward to verify that now the rectification and
negative differential SSE are present, as illustrated in Fig. 2.
Clearly, the spin current profile is asymmetric under revers-
ing thermal bias – so called rectification of SSE, and when
|∆T |  40 K, the further increasing thermal bias gives an
anomalously decreasing spin current – named negative differ-
ential SSE. These behaviors are qualitatively similar to those
of Eq. (10) for a nanoscale magnetic interface as plotted in
Fig. 3, which we will discuss in detail later. In fact, for the
Pt/YIG junction used in the spin Seebeck measurement [4, 5],
the electron DOS of the bulk Pt is strongly fluctuated and is
indeed well-described by Lorentzian shapes near the Fermi
energy [32, 33].
Even for good metals with smooth DOS, when they are
engineered into low-dimensional nanoscale, the electron DOS
could become non-smooth and vary strongly in energy due to
the quantum confinement effect and other size-induced many-
body interactions. Therefore, for low-dimensional nanoscale
magnetic interfaces, we can also retain the intriguing prop-
erties of rectification and negative differential SSE. For
example, the electronic states in one-dimensional (1D) and
2D tight-binding models possess sharp peaked DOS [34], see
also, the strongly-fluctuated DOS of carbon nanotubes [35].
In fact, although the good metal Au has a constant DOS near
the Fermi energy for bulk gold [32], when scaled down to the
1D gold chain, its electronic DOS is peaked as Lorentzian
shapes [36]. We also note that the longitudinal SSE was re-
cently measured in a thin-film (10nm) Au/YIG (and Pt/YIG)
interface junction [6]. In principle, we can further reduce
the thickness of the metallic thin-film Au (or Pt) so that
electrons will be confined in 2D and the DOS will be step-like
functions. As such, we also expect to retain the rectification
and negative differential SSE in such setup when we are far
from the small temperature bias regime. In fact, for the 2D
free electron gas, we can obtain its DOS as a step function
ρL(ε) = CLΘ(ε − µ0). As such, Eq. (2) reduces to IS =
2S0CL
~
∫
dωFR(ω)kBTL ln
2e~ω/(kBTL)
e~ω/(kBTL)+1
[NL(ω)−NR(ω)].
It is easy to check that this case retains the rectification and
negative differential SSE, similar to the behaviors in Fig. 2.
Let us finally exemplify the rectification and negative dif-
ferential SSE in a 0D interface as in the situation of quantum
point contacts. As such, the electron states near the interface
can be simplified as local states on a two-level quantum dot:
HC = ε↑d
†
↑d↑ + ε↓d
†
↓d↓, where d
†
σ(dσ) is the creation (an-
nihilation) operator of the local electron with spin σ and en-
ergy εσ at the interface [see Fig. 1(b)]. The local electron is
freely exchanged with the electron reservoir HL through the
coupling VL =
∑
kσ tkσc
†
kσdσ + H.c.. The exchange cou-
pling to the right magnon reservoir HR is described by [20–
23] VR = −
∑
q Jq[S
z
q (d
†
↑d↑−d†↓d↓)+S−q d†↑d↓+S+q d†↓d↑]. It
is clear that the first term just splits the two local energy lev-
els of the interface so that the contribution can be absorbed
into a renormalized εσ and we have the splitting ε↓ > ε↑
generally. In practice, multiple point contacts can be sand-
wiched between metal and insulating magnets so that mul-
tiple transport channels will form in parallel to enhance the
transport signal and efficiency [see Fig. 1(c)]. Without loss
of generality, we only focus on the single channel case, as
an in-principle demonstration of the rectification and negative
differential SSE.
Following the same approach as above [25], we obtain the
spin current for the 0D interface system:
IS =
2S0
~
ΓJ
[
fL↓(1− fL↑)(1 +NR)− fL↑(1− fL↓)NR
]
,
(10)
where fLσ = [e(εσ−µσ)/(kBTL) + 1]−1, NR =
[e(ε↓−ε↑)/(kBTR)−1]−1, and ΓJ = 2pi
∑
q J
2
q δ(ε↓−ε↑−~ωq)
can be regarded as a constant in the wide-band limit. The ex-
pression is similar to the spin current of the Lorentzian-DOS
case in Eq. (9) and they share qualitatively the same behav-
iors. The mere difference is that instead of an integral over
all magnon spectra there, the spin current here only contains
a single-mode resonant transfer (~ωq = ε↓ − ε↑), which is
imposed by the delta function δ(ε↓ − ε↑ − ~ωq).
The rectification of SSE is clearly displayed in Fig. 3(a)
where the thermal-induced spin currents are asymmetric with
respect to reversing the temperature bias. In particular, when
the two levels are either both above the chemical potential
ε↓ > ε↑ > µ0 [see case (i) in Fig. 3(a)] or both below
µ0 > ε↓ > ε↑ [see case (iv) in Fig. 3(a)], we can have the
negative differential SSE: When increasing the temperature
difference |TL−TR| = |∆T |, instead of observing an increas-
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FIG. 3. Rectification and negative differential spin Seebeck effect
in nanoscale magnetic interface. (a) Magnon spin current IS as a
function of the normalized temperature bias ∆T/(2T0) with TL,R =
T0 ± ∆T/2, for varying ε↑,↓: (i) ε↓ = 50 meV, ε↑ = 10 meV; (ii)
ε↓ = 50 meV, ε↑ = 0; (iii) ε↓ = 50 meV, ε↑ = −25 meV; (iv) ε↓ =
−25 meV, ε↑ = −75 meV. (b) Magnonic spin Seebeck current as a
function of the temperature bias: For TR = 150 K, ε↓ = 50 meV,
ε↑ = 30 meV; For TR = 200 K, ε↓ = 60 meV, ε↑ = 40 meV; For
TR = 250 K, ε↓ = 70 meV, ε↑ = 50 meV. We set ΓJ = 2.5 meV
and S0 = 16, which is comparable with the experimental ones in
typical magnetic insulators, cf. Refs. 21, 30, and 31.
ing spin current as in linear response regime, we get a decreas-
ing and even vanishing spin current from the right magnetic
insulator to the left metallic lead. It is readily to prove that
when ε↓ > µ0 > ε↑, ∂IS/∂∆T is always positive so that the
negative differential SSE is absent in this parameter regime,
as shown by cases (ii) and (iii) in Fig. 3(a). Figure 3(b) shows
that the negative differential SSE also exists for a wide range
of temperatures.
The emergence of negative differential SSE can be reasoned
as follows: when TR > TL, the thermal bias drives spin cur-
rent from the right to the left. If near the linear response
regime, it is natural to have a positive differential SSE that
lowering TL will increase the thermal bias which in turn in-
creases the spin current. If we further decrease TL with as-
suming two levels are both above (below) the chemical po-
tential, the two states will be both depleted (occupied), which
in turn severely suppresses the magnon emission/absorption
process that requires the concurrence of one occupied and one
empty state. As a consequence, the Seebeck spin conductance
will decrease although the thermal bias increases. When the
conductance decreases faster than the increasing of the bias,
the negative differential SSE emerges.
In summary, we have uncovered the rectification and nega-
tive differential SSE in the metal-insulating magnet interface,
as a consequence of the strongly-fluctuated electron DOS of
the metallic lead. We then have exemplified the identification
of these intriguing spin Seebeck properties in several typical
cases. Since the magnon carries not only spin but also energy,
we additionally possess the rectification and negative differ-
ential thermal conductance, as in dielectric phononics [16].
Note that throughout the work, we have ensured the condi-
tion 2S0  〈a†a〉 so that the noninteracting magnon picture
assumed in the theory is valid. In fact, in a following work we
have shown that the high-order magnon-magnon interaction
even becomes crucial for the manifestation of asymmetric and
negative differential SSE in magnon tunneling junctions [37],
based on which the concept of a functional spin Seebeck
transistor is illustrated. If considering the ferromagnetic-
paramagnetic phase transition, the rectification and negative
differential SSE will be enhanced. Our findings can also
be readily generalized to the interfaces of metal-magnetic
metal/semiconductor or the ferromagnetic metal-magnetic in-
sulator interfaces. Since recent studies imply the important
role of phonon-drag in SSE [8, 38–41], taking account of the
effect of nonequilibrium phonons on rectification and negative
differential SSE would be an interesting topic. By integrating
the phononics [16] with spintronics [9], magnonics [10] and
spin caloritronics [12], we expect to invigorate more opportu-
nities to achieve the smart control of energy and information
in low-dimensional nanodevices.
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Supplemental Material for
“Predicted Rectification and Negative Differential Spin Seebeck Effect at Magnetic Interfaces”
In this supplementary material, I provide the detailed derivation of the spin Seebeck transport across metal-magnetic insulator
interfaces, which readily lead to the spin and heat currents Eqs. (2, 3, 4) in the main text. The thermal-spin transport in the
two-level nanoscale interface is also briefly derived, which leads to Eq. (10) in the main text.
SPIN AND HEAT CURRENTS ACROSS MACROSCOPIC MAGNEITC INTERFACE
Considering each magnon carries an unit spin angular momentum of −~ (associated with a magnetic moment), the magnonic
spin current is equivalent to a spin-down current, which can be obtained by the Heisenberg equation IS = i~ 〈[Hsd,
∑
q a
†
qaq]〉.
Thus, by substituting Hsd we can get the magnonic spin current as:
IS =
i
~
∑
k,q
Jq
(
〈S−q c†k↑ck+q↓〉 − 〈S+q c†k+q↓ck↑〉
)
. (S1)
Notice that the expectation value 〈S−q c†k↑ck+q↓〉 is just the complex conjugate of 〈S+q c†k+q↓ck↑〉, as a next step, one has only to
evaluate the equation of motion:
d
dt
〈S+q c†k+q↓ck↑〉 =
i
~
〈[HL +Hsd +HR, S+q c†k+q↓ck↑]〉 (S2)
=
i
~
(εk+q↓ − εk↑ − ~ωq)〈S+q c†k+q↓ck↑〉+
i
~
Jq〈[S+q c†k+q↓ck↑, S−q c†k↑ck+q↓]〉.
Note that the argument t of each operator is hidden for clarity. Following Ref. [S1], in the steady state of large t limit, one
can write 〈S+q c†k+q↓ck↑S−q c†k↑ck+q↓〉 = 〈S+q S−q 〉〈c†k+q↓ck+q↓〉〈ck↑c†k↑〉 = 2S0[1 + NR(ωq)]fL↓(εk+p)[1 − fL↑(εk)] where
NR(ωq) = [e
~ωq/(kBTR)− 1]−1 is the magnon distribution function in the right lead, which acts as a thermal bath with tempera-
ture TR; fLσ(εk) = [e(εk−µσ)/(kBTL) +1]−1 denotes the electron distribution function at the central dot, which is in equilibrium
with the left lead at temperature TL.
Note since we are considering the metal lead without magnetic order in our present work, the energy spectra of the different
spin degree of freedom are the same. In this way, we ignore the spin subscript for εk and εk+q . When extend to the ferromagnetic
metal case, we need keep the subscript as εk↑ and εk+q↓.
6Similarly, 〈S−q c†k↑ck+q↓S+q c†k+q↓ck↑〉 = 〈S−q S+q 〉〈ck+q↓c†k+q↓〉〈c†k↑ck↑〉 = 2S0NR(ωq)fL↑(εk)[1 − fL↓(εk+q)]. Thus, by
applying the Markov condition in the steady state t→∞, one obtains:
〈S+q c†k+q↓ck↑〉 =
i
~
2S0Jq
∫ ∞
0
dτei(εk+q−εk−~ωq)τ/~ {fL↓(εk+q)[1− fL↑(εk)][1 +NR(ωq)]− fL↑(εk)[1− fL↓(εk+q)]NR(ωq)} .
(S3)
Substituting it into Eq. (S1), we finally arrive at the expression of spin current:
IS =
2S0
~
∫ ∞
0
dωFR(ω)
∫ ∞
−∞
dερL(ε) {fL↓(ε+ ~ω)[1− fL↑(ε)][1 +NR(~ω)]− fL↑(ε)[1− fL↓(ε+ ~ω)]NR(~ω)} ,
(S4)
where fLσ(ε) = [e(ε−µσ)/(kBTL) + 1]−1 is the electron distribution with spin σ in the left metal side that is equilibrium at
temperature TL and NR(~ω) = [e~ω/(kBTR) − 1]−1 denotes the magnon distribution in the right magnetic insulator that is
equilibrium at temperature TR; ρL(ε) denotes the electron DOS in the left metal side; FR(ω) contains the magnon DOS and the
electron-magnon coupling strength, which is reminiscent of Eliashberg function [S2] in the field of electron-phonon scattering.
Generally, the Eliashberg-like function FR(ω) also has electronic energy dependence [S2], as FR(ε, ω) = 2pi
∑
q J
2
q δ(ω −
ωq)δ(ε− ε′ + ~ωq) = 2pi
∫
dωqρR(ωq)J
2
ωqδ(ω − ωq)δ(ε− ε′ + ~ωq) = 2piρR(ω)J2ωδ(ε− ε′ + ~ω).
Since magnon carries energy, we can also calculate the magnonic heat current through IQ = i~ 〈[Hsd,
∑
q ~ωqa†qaq]〉, which
readily leads to
IQ =
2S0
~
∫ ∞
0
dωFR(ω)~ω
∫ ∞
−∞
dερL(ε) {fL↓(ε+ ~ω)[1− fL↑(ε)][1 +NR(~ω)]− fL↑(ε)[1− fL↓(ε+ ~ω)]NR(~ω)} .
(S5)
Let us examine the Onsager reciprocal relation [S3–S6] for the thermal-spin transport coefficients in the linear response
regime. Considering µ↓,↑ = µ0 ±∆µs/2, TL,R = T0 ±∆T/2, we expand the expressions of spin and heat currents to the first
order of spin voltage and thermal bias (∆µs,∆T → 0), yielding(
IS
IQ
)
=
( L0 L1
L1 L2
)(
∆µs
∆T/T0
)
, (S6)
with Ln = S0~
∫
dωFR(ω)
∫
dερL(ε)
(~ω)ncsch ~ω2kBT0 sech
ε−µ
2kBT0
sech ε+~ω−µ2kBT0
4kBT0
. Clearly, the Onsager relation is satisfied. L0 =
∂∆µsIS |∆T=0 is the spin conductance under the spin voltage. The spin Seebeck coefficient is L1/(L0T0) = −∆µs/∆T |IS=0,
depicting the power of generating spin voltage by the temperature bias. The spin Peltier coefficient is L1/L0 = IQ/IS |∆T=0,
depicting the power of heating or cooling carried by per unit spin current. In this linear response regime, the spin Seebeck and
Peltier coefficients are symmetric when reversing ∆T → −∆T and ∆µs → −∆µs. However, as we can see in the main text,
when we go to the nonlinear response regime (∆µs,∆T  0), the rectification of SPE will be present and the rectification of
SSE will emerge conditionally. In some cases, we can even have the negative differential SSE.
SPIN AND HEAT CURRENTS IN NANOSCALE MAGNETIC INTERFACE
Considering each magnon carries an angular momentum of −~ (associated with a magnetic moment), the magnon current is
equivalent to a spin-down current, which is then obtained by the Heisenberg equation of motion IS := i~ 〈[
d†↓d↓−d†↑d↑
2 , VR]〉 or
IS :=
i
~ 〈[VR,
∑
q a
†
qaq]〉. From either definition, we can get the same spin (magnon) current:
IS =
i
~
∑
q
Jq
(
〈S−q d†↑d↓〉 − 〈S+q d†↓d↑〉
)
. (S7)
Notice that the expectation value 〈S−q d†↑d↓〉 is just the complex conjugate of 〈S+q d†↓d↑〉, as a next step, one has only to evaluate
the equation of motion:
d
dt
〈S+q d†↓d↑〉 =
i
~
〈[HC + VR +HR, S+q d†↓d↑]〉 =
i
~
(ε↓ − ε↑ − ~ωq)〈S+q d†↓d↑〉+
i
~
Jq〈[S+q d†↓d↑, S−q d†↑d↓]〉. (S8)
Note that the argument t of each operator is hidden for clarity. Following the same approach, in the steady state of large t limit,
one can write 〈S+q d†↓d↑S−q d†↑d↓〉 = 〈S+q S−q 〉〈d†↓d↓〉〈d↑d†↑〉 = 2S0(1+NR)fL↓(1−fL↑) whereNR = [e~ωq/(kBTR)−1]−1 is the
magnon distribution function in the right lead, which acts as a thermal bath with temperature TR; fLσ = [e(εσ−µσ)/(kBTL)+1]−1
7denotes the electron distribution function at the central dot, which is in equilibrium with the left lead at temperature TL. Similarly,
〈S−q d†↑d↓S+q d†↓d↑〉 = 〈S−q S+q 〉〈d↓d†↓〉〈d†↑d↑〉 = 2S0NRfL↑(1−fL↓). Thus, by applying the Markov condition in the steady state
t → ∞, one obtains: 〈S+q d†↓d↑〉 = i~2S0Jq
∫∞
0
dτei(ε↓−ε↑−~ωq)τ/~[fL↓(1 − fL↑)(1 + NR) − fL↑(1 − fL↓)NR]. Substituting
it into Eq. (S7), we finally arrive at the expression of spin current:
IS =
2S0
~
ΓJ
[
fL↓(1− fL↑)(1 +NR)− fL↑(1− fL↓)NR
]
, (S9)
where ΓJ = 2pi
∑
q J
2
q δ(ε↓ − ε↑ − ~ωq).
This expression is familiar from the results of applying Fermi’s golden rule to the definition Eq. (S7). The first product
fL↓(1− fL↑)(1 +NR) describes the relaxation rate of the occupied higher spin-down state flipping to the empty lower spin-up
state with emitting a magnon with energy ~ωq into the right lead. The second product fL↑(1− fL↓)NR reversely describes the
excitation rate of the occupied lower spin-up state flipping to the empty higher spin-down state with absorbing a magnon from
the right lead. The two spin-flip processes, accompanied by the magnon emission/absorption, conserve not only the angular
momentum, but also the energy, which is imposed by the delta function δ(ε↓ − ε↑ − ~ωq). In this way, only magnons with
energy ~ωq = ε↓ − ε↑ is able to transfer through the magnetic interface. Therefore, for the energy current carried by magnons,
we can also obtain similarly:
IQ=
2S0
~
ΓJ(ε↓ − ε↑)
[
fL↓(1− fL↑)(1 +NR)− fL↑(1− fL↓)NR
]
. (S10)
Let us examine the Onsager reciprocal relation [S3–S6]. Considering µ↓,↑ = µ0 ±∆µs/2, TL,R = T0 ±∆T/2, the thermal-
spin transport coefficients are conventionally considered in the linear response regime: expanding to the first order of spin voltage
bias ∆µs = µ↓ − µ↑ and thermal bias ∆T = TL − TR, which yields(
IS
IQ
)
=
( G GST0
GΠ κT0
)(
∆µs
∆T/T0
)
, (S11)
where G = S0ΓJ~T0 /(sinh[
ε↓−µ0
kBT0
]− sinh[ ε↑−µ0kBT0 ] + sinh[
ε↓−ε↑
kBT0
]) is the spin conductance, generated by the spin voltage difference.
κ = G(ε↓− ε↑)2/T0 denotes the heat conductance, produced by the temperature bias. S = −∆µs/∆T |IS=0 = (ε↓− ε↑)/T0 is
the spin Seebeck coefficient, depicting the power of generating spin voltage by the temperature bias. Π = IQ/IS |∆T=0 = ε↓−ε↑
is the spin Peltier coefficient, depicting the power of heating or cooling carried by per unit spin current. It is seen clearly that we
have Π = ST0 so that the Onsager reciprocal relation GST0 = GΠ is fulfilled in the present system.
It is worth noting that when the right magnetic insulator is replaced by magnetic semiconductor or metal, the Onsager re-
ciprocal relation will be seemingly violated. The reason is that itinerant conduction electrons inside the right lead will provide
additional hidden pathways for thermal-spin-charge transports, which could just circulate within the right lead and will not con-
tribute to the net transport. If we are unaware of those hidden currents and still consider the thermodynamic conjugate transports
simply from the left to the right, we will observe the seemingly violated Onsager relation. Similar situation occurs when the
left metallic lead has additional magnetic orders, like ferromagnetic metal. Therefore, to get the correct symmetric reciprocal
relation, one need carefully dissect all possible transport pathways, excluding the hidden currents which do not contribute to the
net transport and other irrelevant currents. Only in this way, the correct Onsager relations will be recovered.
In this linear response regime, the spin Seebeck and Peltier coefficients are symmetric when reversing ∆µs → −∆µs and
∆T → −∆T . However, as we can see in the main text, when we go to the nonlinear response regime, the rectification of SPE
and SSE will emerge. In some cases, we can even have the negative differential SSE.
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